We describe an experiment using a chaotically driven metal plate with incremental damage. Damage in the plate is manifested as a local change in the plate's response (loss of stiffness). We develop a statistical test for Holder continuity and demonstrate its use by examining the map between responses of the undamaged plate and responses of the damaged plate at various damage levels. We show that the statistical Holder test indicates loss of differentiable synchronization between responses as the plate is damaged and can thereby serve as a detector of structural damage in similar scenarios.
INTRODUCTION
Recent studies of drive-response synchronization in chaotic systems by [8] [2] [6] have focused on the Holder continuity of the function between the drive attractor and the response attractor in phase space. This characterization is echoed in [5, 4] , for general skew-product systems. As long as the filter connecting drive and response is stable we can expect that the function from drive attractor to response attractor is continuous. This translates to the case of generalized synchronization. However, there are stronger forms of synchronization that can occur when the contraction in the filter is stronger than the contraction in the drive signal. It has been proven [6] that differentiable synchronization occurs when the filter's characteristic exponents are all more negative than the Lyapunov exponents of the drive signal. In [5] there is an equivalent formulation (and an alternate proof) for skew-product systems in general when the driving function is a diffeomorphism. Recently, Afraimovich [1] has been able to characterize the map between drive signal and response by calculating the Holder exponent of the map directly from the coupling parameter. So far, however, little has been studied concerning the nature of this synchronization between two identically driven (but not necessarily identically filtered) responses. In the case of a linearly filtered nonlinear signal, as we have in this experiment, it is not known how different the filter parameters need to be in order to detect changes in the attractors of the reconstructed responses. Conversely, it is not known how geometric or dynamical differences in attractors are effected by changes in the filters. In order to investigate this phenomenon, we will calculate a numerical Holder exponent directly from the explicit map between embedded response attractors from experimentally obtained time series data; we will then show that the map between response attractors loses numerical Holder continuity as the filter is changed.
EXPERIMENTAL DESIGN
We consider as the structure of interest a thin steel plate measuring764mm x 408mm x 3mm. The plate is clamped along the two shorter edges in a "fixed-free" configuration as shown in Figure (1) . A crack in the plate was simulated by first cutting the plate in two at approximately 2/3 the length and then reconnecting the two pieces with a series of 20 16mm x 5Omm brackets made from the same material).
A 3mm gap was left between the two halves to ensure that the sides did not contact during vibration testing. Damage to the structure is therefore controlled by removing various combinations of the brackets allowing for both the location and magnitude of the degradation to be varied. Using this configuration the smallest realizeable damage scenario is a 5% crack, obtained by removing a single steel tab. In order to perform vibration testing an MB Dynamics shaker was coupled to the plate by means of a threaded rod at a location 123mm from the free edge of the plate and 210mm from the nearest fixed edge (see again Figure 1 ). Both the shaker and stinger were oriented in the vertical direction, perpendicular to the plate surface. In-line with the stinger is a 251b. load cell used for recording the input signal. The plate's vibrational strain response was recorded using nine fiber-Bragg grating strain sensors located in a 3x3 grid spanning the surface of the plate. A description of the sensing system can be found in [11] . Data were collected from the plate in the undamaged configuration and for each of five different damage levels, 5%, 10%, • • • 25% for experiments A and A'. Damage in experiments A and A was on the near (starting with bracket 1) side of the plate. Damage in experiment B was incurred by removing brackets on the far (starting with bracket 20) side of the plate, in damage levels from 5% to 35%.
The drive system chosen for the excitation was the chaotic Lorenz oscillator, given by the three first order equations
FIGURE 2. Log of d´y y 0 µ vs. d´Ψ´yµ Ψ´y 0 µ between two undamaged circuit responses (left) and an undamaged and a damaged circuit response (right) and corresponding calculated Holder exponents α.
with η 11 08 in this experiment. A sampling rate of 800Hz was used in each case for recording both the excitation (via the load cell) and the strain response.
DEVELOPMENT OF THE HOLDER TEST
Given a function Ψ from one space Y to another space Z, where z Ψ´yµ, the Holder exponent is defined as the number α such for each y in a small neighborhood around y 0 , we have the following:
If the function Ψ is differentiable, then it is Lipschitz and α will be 1. If no positive α can be found, then the function Ψ is necessarily not differentiable. Thus, the existence and value of α measures the degree to which Ψ fails to be differentiable. In essence, we are trying to differentiate between the pictures shown in figure 2 , output from the map between two undamaged circuits on the left, and between an undamaged and damaged circuit on the right. Both circuits have been driven with identical Lorenz signals.
We calculate a Holder exponent of the function from one response's embedded attractor to another directly from the definition. Because the responses come from identical drive signals, we define our map Ψ´y t µ to be z t , where y t and z t are the embedded points with time signature t. We choose a large number (typically 1000) of fiducial points y 0 on the Y reconstruction, and consider random y i , typically 100 of them. We then find the corresponding z 0 on the Z attractor reconstruction and find the z i which correspond to the y i . We fit (using a least-squares fit) the line to the´log´d´y 0 y i µµ log´d´z 0 z i µµµ the slope as 0.0, indicating a line with slope between 0 and 1.0 cannot be fitted. We take the entire distribution of the slopes, and find the minimum such slope (within a confidence level, typically 95%). This minimum is the calculated Holder exponent α , the bound from equation 2.
The nature of the synchronization between a drive and response system depends largely on the relation of the characteristic exponents of the filter to the Lyapunov exponents of the drive signal [6] , [1] . In particular, these results indicate, in various forms, that differentiable synchronization and Holder Continuity of the functions from drive to response are synonymous. To test our calculated Holder exponent's validity, we then contrived a system with controlled Lyapunov exponents, and filtered it with linear filters with various characteristic values. We computed the calculated Holder exponents for the function from drive to response from the output of this simulation. We see that the formula for Holder exponents in [6] agrees qualitatively with the calculated Holder exponents (see fig. 3 ).
In our case, we wish to investigate the synchronization of two responses to each other. If the two filters are identical, then we expect that the function Ψ will be the identity map, hence have a calculated Holder exponent close to 1.0. Because the Lyapunov exponents of the skew-product system change with changes in the filter, it is expected that Ψ will lose some differentiability with changes to the filter, resulting in the reduction of the calculated Holder exponents.
Our experimental system will consist of a chaotic drive signal and linear filters provided by a physical structure. Changes in the stiffness of the physical structure cause changes in the filtering provided by the structure. We will measure these changes by numerically calculating Holder exponents for the maps Ψ . In this fashion the calculated Holder exponents may be used as a diagnostic tool for assessing the degree of degradation to the structure.
DATA ANALYSIS AND RESULTS
Data from these experiments were a set of 9 time series of length 50,000 points. We embedded the 9 time series in a 12-dimensional space, using 2 time-delays on series 1, 2 and 3 and 1 delay on the other time series. The embedding dimension was determined by using a false-nearest neighbor analysis, originally described in [7] and later adapted to multivariate data in [3] and [9] . Using autocorrelation, we found time delays of 6, 6, and 8 for data sets A,A', and B respectively. The data were normalized and demeaned before embedding. We then calculated Holder exponents for all undamageddamaged combinations. We recorded 2 undamaged-plate data sets to use as controls and calculated Holder exponents for undamaged-undamaged data sets. These results are shown in figure 4 . It has been shown [10] it was possible to localize damage in a structure by performing a continuity test on embeddings from the time series for each individual sensor. For that reason, we also performed the Holder test on embeddings of the time series from each of the nine sensors, again from undamaged to damaged responses. It was determined through a false-nearest neighbors examination that a four-dimensional space was sufficient to embed the responses from each sensor. We performed, for each attractor reconstructed from one sensor's data, comparisons between between calculated Holder exponents for a sensor's response in an undamaged plate and the same sensor's response in the damaged plate. These results are show in figure 5 . We note that in both case A and case B the sensor closest to the damage showed the most change in calculated Holder exponent with damage.
CONCLUSION
In a purely theoretical stable linearly filtered system, the relationship between the Lyapunov exponents of the drive system and the characteristic exponents of the linear filter determine the differentiability (or lack thereof) of the map between the drive to the response system. In this experimental system, the numerical Holder test using the calculated Holder exponent provides a direct way of directly measuring loss of identical synchronization between two chaotic response signals. Thus it measures the differences in the contraction rates provided by the two different filters. The change in Holder continuity of the map between responses is predicted by theory and in this case verified by changes in calculated Holder exponents in experimental results. It is worth noting that this test, because it yielded results on experimental data, does show some robustness to noise. We expect that the numerical Holder test will also be useful in other applications which require the evaluation of the Holder continuity of a map when only experimental data is available.
